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Abstract 

Let X be an analytic subset of f/ x C" of pure dimension k such that 
the projection of X onto U is & proper mapping, where U C C''' is a Runge 
domain. We show that X can be approximated by algebraic sets. 
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1 Introduction 

The problem of approximation of analytic objects by simpler algebraic ones 
appears in a natural way in complex geometry and has attracted the attention 
of several mathematicians (see pj, [gj, [lOj, [E], [13], [H], [16], [18], [19], [20]). 

The aim of the present paper is to show that every purely /c-dimensional 
analytic subset of J7 x C" whose projection onto C/ is a proper mapping, where 
J7 is a Runge domain in C'^, can be approximated by purely /c-dimensional 
algebraic sets (see Theorem 13. ip . Here by a Runge domain we mean a domain 
of holomorphy U C C*^ such that every function / £ 0{U) can be uniformly 
approximated on every compact subset of U by polynomials in k complex vari- 
ables (cf. [11], pp 36, 52, and note that in general a Runge domain need not 
be connected) . The approximation is expressed in terms of the convergence of 
holomorphic chains i.e. analytic sets are treated as holomorphic chains with 
components of multiplicity one (see Section 12. 2p . 

The starting point for our considerations is the fact that purely /c-dimensional 
analytic subsets of J7 x C" with proper projection onto a Runge domain U <Z 
can be approximated by complex Nash sets. (We discussed various methods of 
such approximation in [3], [4], [5], [6], [7], [5].) This allows to reduce the proof 
of Theorem 13.11 to the case where the approximated object is a complex Nash 
set. The problem in the reduced case is solved by Proposition 13.21 

Every point of a purely fc-dimensional analytic subset X of some open 
C C™ has a neighborhood U cVl such that, after a Hnear change of the coor- 
dinates, the projection oi X C\U onto an open ball in C*^ x {0}™"*^ is a proper 
mapping. Therefore Theorem 13.11 immediately implies that every analytic set 
can be locally approximated by algebraic ones in the sense of holomorphic chains 
(see Corollary 
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An important question, strongly motivated by the fact that algebraic ap- 
proximation is one of central techniques used in numerical computations, is 
when the presented methods lead to effective algorithms. This problem will 
be discussed in a forthcoming paper. Here let us only mention that for Nash 
approximations of analytic sets we described a constructive method in [6]. 

Note that the convergence of positive chains appearing Theorem l3.1l is equiv- 
alent to the convergence of currents of integration over the considered sets (see 
[Tl] . pp. 141, 206-207). The organization of this paper is as follows. In Sec- 
tion [2] preHminary material is presented whereas Section [3] contains the proofs 
of the main results. 

2 Preliminaries 

2.1 Nash sets 

Let SI be an open subset of C" and let / be a holomorphic function on fl. We 
say that / is a Nash function at xq € fl if there exist an open neighborhood U 
of a;o and a polynomial P : C" x C ^ C, P 0, such that P(x, f{x)) — for 
X € U. A holomorphic function defined on Q is said to be a Nash function if it 
is a Nash function at every point of fi. A holomorphic mapping defined on il 
with values in is said to be a Nash mapping if each of its components is a 
Nash function. 

A subset Y of an open set fl C C" is said to be a Nash subset of fl if and 
only if for every yo & ^ there exists a neighborhood U of yo in and there exist 
Nash functions fi, fs on U such that 

YnU = {xeU:fiix) = ... = Mx) - 0}. 

The fact from |2lj stated below explains the relation between Nash and 
algebraic sets. 

Theorem 2.1 Let X be an irreducible Nash subset of an open setfl C C". Then 
there exists an algebraic subset Y of C" such that X is an analytic irreducible 
component ofYDft. Conversely, every analytic irreducible component ofYHfl 
is an irreducible Nash subset of fl. 

2.2 Convergence of closed sets and holomorphic chains 

Let U be an open subset in C™. By a holomorphic chain in U we mean the 
formal sum A — '^j^j OijCj, where Uj ^ for j J are integers and {Cj}j^j is 
a locally finite family of pairwise distinct irreducible analytic subsets of U (see 
[22j . cp. also [2], [H]). The set Ujej called the support of A and is denoted 
by 1^1 whereas the sets Cj are called the components of A with multipHcities 
aj . The chain A is called positive if aj > for all j € J. If all the components 
of A have the same dimension n then A will be called an n— chain. 

Below we introduce the convergence of holomorphic chains in U. To do this 
we first need the notion of the local uniform convergence of closed sets. Let 
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Y,Y,y be closed subsets of U for € N. We say that {Y^} converges to Y locally 
uniformly if: 

(11) for every a ^ Y there exists a sequence {a^} such that e Y^ and 

^ a in the standard topology of C", 
(21) for every compact subset K of U such that X n F = it holds X n = 
for almost all ly. 

Then we write Y. For details concerning the topology of local uniform 

convergence see |22j . 

We say that a sequence {Z^} of positive n-chains converges to a positive 
n-chain Z if: 

(Ic) \Z,\ ^ \Zl 

(2c) for each regular point a of \Z\ and each submanifold T of U of dimension 
m — n transversal to \Z\ at a such that T is compact and \Z\ HT = {a}, 
we have deg{Z^ ■ T) — deg(Z ■ T) for almost all v. 

Then we write Z^, Z. (By Z ■ T we denote the intersection product of Z and 
T (cf. [22]). Observe that the chains Z^ ■ T and Z ■ T for sufficiently large v 
have finite supports and the decrees are well defined. Recall that for a chain 

A = X;^^! OLjia^}, deg{A) = ^^.^^ a^). 

2.3 Normalization of algebraic sets 

Let us recall that every affine algebraic set, regarded as an analytic space, has 
an algebraic normalization (see [17], p. 471). Therefore (in view of the basic 
properties of normal spaces, see [17], pp. 337, 343) the following theorem, which 
will be useful in the proof of the main result, holds true. 

Theorem 2.2 LetY be an algebraic subset o/C™. Then there are an integer n 
and an algebraic subset Z o/C™ x C" with tt{Z) = Y, where tt : C™ x C" ^ C™ 
is the natural projection, satisfying the following properties: 

(01) Z, regarded as an analytic space, is locally irreducible, 

(02) Tr\z : Z C™ is a proper map, 

(03) Tr\zn{„-i^Y\SingiY})) ■ ^ ^ (^"^(^ \ Sing{Y))) Y is an injective map. 

2.4 Runge domains 

We say that P is a polynomial polyhedron in C" if there exist polynomials in 
n complex variables qi, . . . ,qs and real constants ci , . . . , Cs such that 

P = {a; e C" : \qi{x)\ < Ci, . . . , \qs{x)\ < c,}. 

The following lemma is a straightforward consequence of Theorem 2.7.3 and 
Lemma 2.7.4 form p4j. 

Lemma 2.3 Let fl C C" be a Runge domain. Then for every flo CC fl there 
exists a compact polynomial polyhedron P C such that flo CC IntP. 
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Theorem 2.7.3 from [14] immediately implies the following 

Claim 2.4 Let P he any polynomial polyhedron in C". Then IntP is a Runge 
domain in C". 

The following fact from [14] (Theorem 2.7.7, p 55) will also be useful to us. 

Theorem 2.5 Let f he a holomorphic function in a neighhorhood of a polyno- 
mially convex compact set K C C". Then f can he uniformly approximated on 
K hy polynomials in n complex variahles. 

3 Approximation of analytic sets 

The following theorem is the main result of this paper. 

Theorem 3.1 Let U he a Runge domain in C'^ and let X he an analytic suhset 
of U X C" of pure dimension k with proper projection onto U. Then there is a 
sequence {X^} of algehraic suhsets of x C" of pure dimension k such that 
{X^ n ([/ X C")} converges to X in the sense of holomorphic chains. 

The proof of Theorem 13.11 is based on two results. Firstly, every purely 
dimensional analytic set with proper and surjective projection onto a Runge 
domain can be approximated by Nash sets (see Theorem 13. Sp . Secondly, every 
complex Nash set with proper projection onto a Runge domain can be approx- 
imated by algebraic sets as stated in the following 

Proposition 3.2 Let Y he a Nash suhset of fl x C of pure dimension k < m, 
with proper projection onto il, where is a Runge domain in C™~^. Then there 
is a sequence {Y^} of algehraic suhsets o/C™^^ x C of pure dimension k such 
that {Y^y n (ri x C)} converges to Y in the sense of holomorphic chains. 

Proof of Proposition \3.2l Let I be a positive integer and let || ■ ||z denote a 
norm in C'. Put Bi{r) = {a; G C : ||a;||; < r}. For any analytic subset X of 
an open subset of C' let denote the union of all g-dimensional irreducible 
components of X. 

To prove the proposition it is clearly sufficient to show that for every open 
fio CC and for every real number r > the following holds: 

(*) there exists a sequence {Y„} of purely fc-dimensional algebraic subsets of 
C^-i X C such that {F^ n {flo x Bi(r))} converges to rn {flo x Bi{r)) in 
the sense of chains. 

Fix an open relatively compact subset Qq of and a real number r > 0. Let 
TT : C™^^ X C (jrn-i jgj^Q^g ^jjg natural projection. 

Claim 3.3 There exists a purely k-dimensional algehraic suhset Y o/C™^^ x C 
such that Y n {flo x Bi(r)) is the union of some of the analytic irreducihle 
components ofYO (fio x Bi{r)). Moreover, the mapping 7r|y : Y (jm-i 
he assumed to he proper. 
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Proof of Claim W^ By Lemma [2731 we can fix a compact polynomial polyhedron 
P C O such that Q.q CC F CC Vl, where T = IntP. The complex manifold 
R&gciY n (r X C)) is a semi- algebraic subset of R^™, hence it has a finite 
number of connected components. Consequently, y n (F x C) has finitely many 
analytic irreducible components. Therefore by Theorem l2.1l there exists a purely 
fc-dimensional algebraic subset Y of C™~^ x C such that YC\{T x C) is the union 
of some of the analytic irreducible components of y fl (F x C). Then, clearly, 
Y n (fio x Bi{r)) is the union of some of the analytic irreducible components of 

yn(f}o xBi(r)). 

If the mapping 7r|y : Y — > C™ is proper then the proof is completed. 
Otherwise, using the facts that F n (F x C) C F n (F x C) and fio CC F, we 
show that there are a C-linear isomorphism $ : C™ — + C™, a Runge domain 
VLi in C™~^, and a real number s > such that the following hold: 

(a) the projection of '^{Y) C C™^^ x C onto C™~^ is a proper mapping, 

(b) $(r!oxBi(r))cf^ixBi(s), 

(c) <&(F) n (ill X Bi[s)) is a Nash subset of fli x C whose projection onto fii 
is a proper mapping, 

(d) <i>(F) n (fli X Bi{s)) is the union of some of the irreducible components of 

$(y)n(r!i x Bi{s)). 

If there exists a sequence {2'^} of purely /c-dimensional algebraic subsets of 
C™-i x C such that {Z^ n (fli x Bi{s))} converges to <^{Y) n (f^i x Bi{s)) in 
the sense of chains, then Y n (flo x Bi{r)) is approximated, in view of (b), by 
{«>"^(Z^)n(17oxBi(r))}. Moreover, (c) implies that and $(r)n(fii xSi(s)) 
taken in place of Vl and Y respectively satisfy the hypotheses of Proposition [321 
Since, in view of (a) and (d), '^{Y) is a purely /c-dimensional algebraic subset of 
Qm-i ^ Q ^-^^Yi proper projection onto C"^~^ , containing n (fii x Bi{s)), 
the proof of the claim is completed provided there are <&, f2i and s satisfying 
(a), (b), (c) and (d). 

Take fii to be any Runge domain in C"^^ with fio CC fii CC F. (The 
existence follows by Lemma [2.31 and Claim [2741 ) Now, since dim{Y) — k < m, 
by the Sadullaev theorem (see [17j, P- 389), the set Sy of one-dimensional linear 
subspaces I of C™ such that the projection of Y along I onto the orthogonal 
complement of I in C™ is proper, is open and dense in the Grassmannian 
01(0™). Consequently, for every e > there is I & Sy so close to {0}™"^ x C 
that there is a C-linear isomorphism $£ : C™ C™ transforming 1,1^ onto 
{0}™"! X C, C™~i X {0} respectively such that 

||$e - Wc-ll < £, 

where /dc™ is the identity on C™. 

Clearly, <i> = $j satisfies (a) (for every e > 0). Now, by the facts that Y is 
a Nash subset offl x C such that 7r|y : F is a proper map and fli CC ft, 
there is a real number s > r such that 

{Th X dBi{s))nY ^9. 
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This implies that $ = $e satisfies (c), if e is sufficiently small. Next, the facts 
r^o CC rii and s > r imply that = satisfies (b), for small e. Finally, by 
fii CC r we get $7^(rii X Bi{s)) C F x C, if e is small enough. Therefore 

^,{Y) n {Qi X C <Pe{Y) n (ni x Bi{s)), 

which easily implies that (d) is satisfied with $ = $£. Thus the proof is 
completed.^ 

Proof of Proposition [37^ (continuation). By Theorem 12.21 there are an integer n 
and a locally irreducible (regarded as an analytic space), purely fc-dimensional 
algebraic subset Z of C™ x C" such that the restriction Tr\z of the natural 
projection tt : C™ x C" C™ is a proper mapping, Tr{Z) = Y and 

Mzni.-HY\s^ng(Y))) ■ ^ ^ i^^' (Y \ S^ng{Y))) ^ Y 

is an injective mapping. 

We may assume that {Y \ Y) C] {Vl x C) 0, because otherwise 

r n (r^o X Bi{r)) = f n (f^o x Si(r)) 

and one can take YJy = Y , for every C N. 

Now, the Nash subsets E and F of x C x C" defined by 

E={Zr] 7r-i(y))(fc) and F = [Z r\Ti-^{Y \Y) r\ [9. x C x C"))(fc), 

where the closure is taken in 17 x C, satisfy n F = 0. Indeed, if there exists 
some a € E n F , then Z (regarded as an analytic space) is not irreducible at a 
because 

z n (f7 X c X c") = F u F, 

and dim{E Ci F) < k. Consequently, the sets 

F F n (P X C X C") and F = F n (P X C X C") 

also satisfy F n F = 0, where P C is a fixed compact polynomial polyhedron 
such that flo C P. (The existence of P follows by Lemma [231 ) 

By Claim [3731 we may assume that the mapping 7r|y is proper. Then the 
mapping Trj^ : Z C™^^ is proper as well, where -if — n o n. This implies 
that both E and F are compact. Moreover, the mapping {fc,p)\z : Z C™ is 
proper for every polynomial p : C™ x C" C. 

Now the idea of the proof is to find a sequence {p,^} of polynomials defined 
on C™ X C" with the following properties: 

(0) {Pi'I_e} converges uniformly to the mapping (xi, . . . 

(1) infjjg^ b!^(^)l > for almost all ly. 

Then we show that the sequence {(7r,p^)(Z)} of purely /c-dimensional algebraic 
subsets of C™ is as required in the condition (*): {{Tt,p^){Z) n (flo x Bi{r))} 
converges to 1" fl (fJo x Pi(r)) in the sense of chains. 
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Claim 3.4 There exists a sequence {pi^} of polynomials inm + n complex vari- 
ables, satisfying (0) and (1). 

Proof of Claim Firstly, by the fact that E f] F = there is an open subset 
[/ of C" X C" such that C/ = t/i UC/2, where Ui , U2 are open subsets of C™ x C", 
/7i n C/2 = and i? c Ui,F c C/2. 

Secondly abbreviate (cc, y) = (xi, . . . , Xm, yii ■ ■ ■ , yn) and note that the func- 
tion f : U ^ C defined by f{x,y) = Xm on Ui and f{x,y) = r + 1 on ?72 is 
holomorphic. 

Thirdly observe that, since Z is an algebraic subset of C™ x C" with proper 
projection onto C™, and 7r(Z) = y is an algebraic subset of C™"^ x C with 
proper projection onto C"'^^, and P is a compact polynomial polyhedron in 
C™~^, the union -E U F is a compact polynomial polyhedron (and hence a 
polynomially convex compact set) in C™ x C". Indeed, there are s,s > such 
that 

EUF = Zr\{Px Bi{s) X Bn{S)) 

and the righthand side of the latter equation is clearly described by a finite num- 
ber of inequalities of the form \Q{x,y)\ < c, where Q is a complex polynomial, 
and c is a real constant (possibly equal to zero). 

Lastly, since / is a holomorphic function in a neighborhood of a polynomially 
convex compact set E U F, it is sufHcient to apply Theorem 12.51 to obtain a 
sequence {pu} of complex polynomials in m + n variables converging uniformly 
to f on EU F. Clearly, every such sequence satisfies (0) and (!).■ 

Proof of Proposition [STB (end). Let {pi,} be a sequence of polynomials satisfying 
the assertion of Claim [3741 We check that the sequence {Y^} defined by 

1; = (7r,p,)(Z), forz^eN, 

satisfies the condition (*), which is sufHcient to complete the proof of Proposi- 
tion [321 

Every is a purely fc-dimensional algebraic subset of C™ because the map- 
ping (7r,Pi/) : C™ X C" — > C™ is polynomial, its restriction {'!f,p,y)\z is proper 
and Z is a purely /c-dimensional algebraic subset of C™ x C". Hence it remains 
to check that {Y^ n {flo x Bi{r))} converges to F D (fJo x -Bi(r)) in the sense of 
chains. 

To see that {Yi,r\{QQX Bi{r))} converges to Yn{QoX Bi{r)) locally uniformly 
(c.f. (11) and (21), Section [221) it is sufficient to observe that 

Y, n {no X Bi{r)) = {7T,p,){E) n (no x Pi(r)), 

for v large enough, whereas 

y n (f7o X Bi{r)) = 7r{E) H {Qa x Si(r)). 

The first equality follows directly by (0), (1) and the definitions of E and F. 
The latter one is an obvious consequence of the definition of E. Moreover, (0) 
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implies that (7r,p^)|^ converges to 7r|^ uniformly which in turn implies that 
both (11) and (21) are satisfied. 

To finish the proof, let us verify that {F^n(r2o xBi(r))} and Yn{noxBi{r)) 
satisfy (2c) (of Section [2?2|) . Suppose that it is not true. Then there exist a 
fc-dimensional C-Hnear subspace I of C™"^ x {0} and open balls Ci, C2 in I, /-"- 
respectively, where l-^ denotes the orthogonal complement of / in C™, such that 
Ci + C2 C r^o X Bi{r) and the following hold: 

(a) rn(Cr + 9C2) = 0and (f \ F) n (Ci + C2) = 0, 

(b) every fiber of the projection of F n (Ci + C2) onto Ci is 1-element, 

(c) the generic fiber of the projection of n (Ci + C2) onto Ci is at least 
2-element for infinitely many v. 

The existence of I C C™ (and Ci, C2) as above is a direct consequence of 
the assumption that (2c) does not hold. Since the projection of F C C™~^ x C 
onto C™"^ is a proper mapping, the subspace I can be chosen in such a way 
that it is contained in C™"^ x {0}. 

The conditions (a), (b) and the facts that T^\zn{TT-'^(Y\Sing{Yy)) injective 
and Trj^ is proper imply that 

Z n ((Ci + C2) X C") = graphic), 

where G £ 0{Ci,C2 x C"). Consequently, by (0) and the inclusion I C C™"^ x 
{0}, for V large enough, 

{TT,p„){graph{G)) 

is a fc-dimensional analytic subset of Ci + C2 whose projection onto Ci has 
1-element fibers. Therefore, by (c), for infinitely many there is an analytic 
subset Hy of Ci + C2 of pure dimension k such that dim{T^ ^ H^) < k and 

On the other hand, for large v, it follows that 

C {TT,p^){graph{G)) = T^, 

which clearly contradicts the fact that dimiTu C] H,y) < k. The inclusion holds 
because, as observed previously, for large v we have 

H.cY.n (Ci + G2) = {iT,p,){E) n (Ci + C2). 

Moreover, by (0), (a) and the fact that I C C""! x {0} it holds 

{tt,p,){E) n (Ci + C2) = {rr,p.){E D ((Ci + C2) x C")), 

which implies that C as 

n ((Ci + C2) X C") C graph{G). 

Thus {Yi. n (r^o X -Bi(r))} and F n (f^o x Bi(r)) satisfy (2c) and the proof 
of Proposition 13.21 is completed.^ 

Proof of Theorem \3.1\ Let us first recall that for analytic covers there exist 
Nash approximations (for details see [4] or [6], or [8]): 
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Theorem 3.5 Let U be a connected Runge domain in C'^ and let X he an 
analytic subset of U x C" of pure dimension k with proper projection onto U. 
Then for every open relatively compact subset V of U there is a sequence of 
Nash subsets of V x C" of pure dimension k with proper projection onto V , 
converging to X D {V x C") in the sense of holomorphic chains. 

Fix a Runge domain U in C'" and an analytic subset X ofU x C" of pure dimen- 
sion k with proper projection onto U. Clearly, in order to prove Theorem 13. ![ it 
is sufficient to prove the following 

Claim 3.6 For every open V CC U there exists a sequence {X^,} of purely 
k-dimensional algebraic subsets ofC^xC^ such that {X^r\{V xC^)} converges 
to X C\{V X C") in the sense of chains. 

Let us prove the claim. Fix an open V <Z<zU. Since, without loss of generality, 
V can be replaced by a larger relatively compact Runge subdomain of U (cf. Sec- 
tion [2]4l) we may assume that F is a Runge domain. By Theorem 13.51 there is 
a sequence {Z^} of purely fc-dimensional Nash subsets of ^ x C", with proper 
projection onto V, converging io Xf^(V x C") in the sense of chains. (Formally in 
Theorem 13.51 U is assumed to be connected, but this assumption can be easily 
omitted by treating every connected component of U separately.) 

For every by Proposition 13.21 applied with Y — Zy, Q. = V x C"~^ and 
m = n + k, there is a sequence {^i^,;^} of algebraic subsets of C*^ x C" of pure 
dimension k such that {Yiy,^ n x C")} converges to Z^, in the sense of chains. 
Clearly, there is a function a : N ^ N such that {Y^^a(u) ri{V x C")} converges 
to Xr\{V X C"). Thus the proofs of Claim [3^ and Theorem l3.1l are completed.H 

An immediate consequence of Theorem 13.11 is the following 

Corollary 3.7 Let X be a purely k-dimensional analytic subset of some open 
n C C". Then for every a G X there are an open neighborhood U of a in fl 
and a sequence {X^} of purely k-dimensional algebraic subsets o/C™ such that 
{X^ nU} converges to X nU in the sense of holomorphic chains. 
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